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In this paper generalized Poincari-Lyapunov constants V,, i = 1, 2,..., are 
defined and an explicit formula is given for the Lyapunov functions. It is shown 
that V, is determined module V,,..., Vim,. This is used for the investigation and 
creation of limit cycles. See Shi, J. Dlfirential Equations 41 (1981), 301-3 12. 
The general form of a polynomial vector field with a weak focus is 
i==y+P, i=x+Q, (1) 
where 
k=2 
x, = + akixk-iyi, 
iTl 
Q = 2 Yk(x, y), Y, = 5 bkixk -5’. 
k=2 i-0 
If the origin is a focus, then Poincare [l] and Lyapunov [2] proved that 
there exists a function F = CET F,, where F, = $(x2 + y’) and F, = 
~;zofpix”-iyi, such that dF/dt = V(x’ + y2)’ + -v+, where V# 0. The 
constant V is called the Poincare-Lyapunov constant. It depends on the 
coefficients of P and Q. 
In order to investigate limit cycles, we have to define and investigate 
higher order Poincare-Lyapunov constants [3, 51. In [3], we show that there 
exists a formal power series F(x, y) = CFz2 F,, such that dF/dt = 
xi”, -Vi’(x’ + y2)‘+‘. The constant Vi is called the ith generalized 
Poincare-Lyapunov constant or Poincare-Lyapunov constant of order i. ’ 
* Present address: Graduate School USTC, Academia Sinica, P.O. Box 3908. Beijing. The 
People’s Republic of China. 
’ In this paper WC also use V, to be the ith generalized Poincare-Lyapunov constant. 
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The order of the first nonzero Poincare-Lyapunov of a weak focus is called 
its order. 
In this paper we prove that the kth Poincare-Lyapunov constant V, is 
determined modulo the ideal generated by Vi, V2,..., I’,-, . We begin by 
stating Lemma 1 in [3], but use slightly different notations. 
Define the operators for system (1): 
D= (2 < i < n). 
If the function Fi is a homogeneous function of degree i in x and y, then also 
D(Fi) is of degree i, and Ei(Fj) is of degree i + j - 1. The function 
G,(F,, F, ,..., F/J= 2 Ei(F,pi+,)= “;-I g,+,,ixk+‘~iyi (k > 2), 
i=2 iY0 
is of degree k + 1. The functions Fp and constant V(,,,,-, satisfy the 
operator equations 
where 
W,) = G,- , + V,,,,, ~, Fi”2, (2) 
V -0 (P/Z)- 1 - for p=2k+ 1, 
2k Ci=, g,,,,,,(2m - 1)!!(2k - 2m - l)!! 
Ci=, Cr(2m - 1)!!(2k - 2m - l)!! for p= 2k, 
instead of Eqs. (2) in [3]. In [3] we proved that the operator equations (2) 
are always solvable recursively. 
However, the functions F2k are not uniquely determined. Suppose F,, 
F, ,-.$2k,... is a particular solution of the system of Eqs. (2). Because the 
difference of order and rank of the matrix for the unknown coefficients of F,, 
is 1, the general solution of FZk depends on one parameter. The general 
solution is then F;k = F,, + A,- i Ft, since D(F:) = 0 for any integer k. If 
one chooses different constants A, ,..., A,- i, then the corresponding next 
Poincare-Lyapunov constant Vk will be changed. 
We consider the ring of homogeneous polynomials in coefficients of P 
and Q. 
THEOREM 1. For system (I), the PoincarP-Lyapunov constant V, of 
order k is uniquely determined modulo the ideal generated by V, ,..., V, ~, . 
Proof. The coefficients of the functions Fi are homogeneous functions of 
the same degree (i - 2) in the coefficients of X, and Y, in system (1). The 
constant V, is of degree 2k. 
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Let F,, F,, F4, F,, F, ,..., Fzk-, , Fzk ,..., with V,, V, ,..., Vk-, ,..., be a 
solution of the system of Eqs. (2). If we take the function F; = F, + A, Fi, 
where A, is arbitrary, and get the corresponding solution of (2) which is 
denoted by F,, F,, F: ,..., Fik ,..., with Vi, V; ,..., then we prove that 
where the functions Hi are polynomials in F3,..., F,-, and 
v~=Vk+AI[Ck-,V1+Ck~ZV2+...+C1Vk-~l, (4) 
where Ci are polynomials of degree 2i - 2 in the coefficients of X, and Y,. 
In fact, the function F; = F, + 2A, F,F, satisfies the equation D(F;) = 
G,(F, , F, , F;). The function FL = F, + A ,(F: + 2F, Fb) satisfies the equation 
WA) = G,(F,, F, 7 F; , F;) + (I’, - 2A, V,) F; . Thus, V; = V, - 2A, V, . 
Suppose that, inductively, F; ,..., Fik and Vi ,..., VL-, satisfy (3) and (4). 
Since Ci+j=2,i,j>* FiFj = 0 and Ci+jz3,i,k>2 F,F, = 0, we have 
G,_I(Fz,F,,F;,...,FJ,-,) 
P-1 
= Gp-,(F2,Fj,..., F,-,)+A, c Em z: FiFj 
m=2 c i+j=p+l-m 
i.jZ2 
+ v,s, + ... + v[p,*,~3~,P,2,-3 
p-3 
=Gp-,+A, c E, x FiFj 
m=2 c i+j=p+lLm 
i,j>Z 
+ VIS, + *.. + V[P,2,-3~,P,21--3~ 
where Si are polynomials obtained from operators Ei upon polynomials Hi. 
On the other hand, we have 
D ( x FiF,) = 1 {FiD(Fj) + D(Fi)Fj} 
itj=p i+j=P 
iJ>2 
= C FLGj-1 + V,j/2)-1 Fi”) + F’(Gi-1 + Vci/2,-1Fi”)} 
i+j=p 
i,j>Z 
j-l i-1 
= 
z: 
I 
Fi ,Z Em(Fj-,+I) +Fj 2: E,(Fi-,+l 
i+j=p m=2 m=2 4 
iJ22 
+ V,2Fp~,F2 + ... + V,p,21~32F~‘2~-2Fq + V,p,2,-22Ff’2 
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P-3 
= i+TE, z2 Em(FiFj-m+l) + VI’F~-~F~ + ... 
i,j>? 
+ vl~/2l--3 2Fpi2’ ~ ‘F, + V,P,21 ~ 2 2F;” 
P-3 
= \‘ E, 
m=2 
?’ FiFi~m+ 1 
i+Y=P 
+ V, 2F,p,F, + .‘I 
+ vb/21b3 2Fyi2’-‘F, + Vrp12,~22F;i2 
P-3 
= \‘ E \‘ - m 
m=2 t i+j=Fm+ I 
FiFi + V, 2F,_,F, + ... 
1 
i,j>2 
+ ‘,p,2,b3 2Fyi2’ - ‘F, + V, p,2, _ 2 2F;“. 
Consider the equation 
WFP) = v,(s, - 2&F,-,) + *** + v~,P,2,,-3(s,,,,2,,-, - 2F:“‘2’-2FJ 
- 2Fp” V PI2 2 [p/21-2 + V&p-IF2 * 
If p = 2k + 1, then we get the unique solution in the form &+, = 
V, T; + . . . + V,p,21-2 T[cp,2,-21 with V;,,,,-, = 0. If p = 2k + 2, then the 
general solution is &+2 = V, T, + ... + VkP, TkP, with V{p,2,P, = pk = 
2Vk-,+R,Vk-2+...+Rk-2V*. Thus, the equation W2,+2> = 
GZk+,(F2,F3, C,...,F;,+,) has 
FSk+2=‘2kt2+AI x FiFi+F=Sk+I 
ii.i=p 
i,i>2 
as a solution, with V~=Vk+A,~~=VVk+A,12Vkm,+R,Vkm2+...+ 
R k-2 V,]. Thus, we have proved (3) and (4). 
Similarly, we can prove that if we take the function F;,,, = F,, + A,,-, Fy 
instead of F,, (m > 3), then we have 
F;=Fp+An,-l I 
\‘ 
xyp 
F,, . . . Fi,,,+ V,ff, + .*. + V~p~~~~rnH~p~~~-rn 
I 
i,$ 2 
(P > 2m> 
and 
V; = Vk + Amp,[Ck-,,-, V, + ... + C, Vkp,,p,l (k > ml, 
where Ci are the polynomials of degree 2(i - m - 2) in the coefficients of X, 
and Y,. 
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For a fixed k, we repeat the above procedures k - 1 times. First we take 
‘F4 = F, + A, Fi, and get the next corresponding solutions of (2) which are 
denoted by ‘Fi (i = 5,6,...) with b,,... . Then the kth Poincare-Lyapunov 
constant is 
;k=vk+AI[;7k-,V1+~k2v2+ .** + 6, v,-,] (k> 1). 
Next we take 2Fi = ‘Fi (i = 2,3,4,5), 2F, = ‘F, - A,F:, and get the next 
corresponding solutions of (2) which are denoted by ‘Fi (i = 7,8,...) with 
i2, ;,. Then the kth Poincare-Lyapunov constant is 
;, = bk + A$-* V, + ... + 6, v,-,I (k > 2). 
Up to (k - I)th time we take (k-l)Fi = (k-2)Fi (i = 2,..., 2k - l), 
(k- l’F2k = (k-1)F2k + A k-, Fi, and get the next corresponding solutions of 
(2) which are denoted by (k-‘)F2k+ 1, (k-1)F2k+2r...r with 
(k-1’ 
V,,... . Then the 
k th Poincare-Lyapunov constant is 
(k- 1) (k-2) (k-1) 
I’;= Vk = Vk +A,_, C, V,. 
Thus, we get the functions F,, F,, F, = IF,, F, = IF,, F, = ‘F,, 
F, = *F, ,..., F,, = (k-“F2k, F 2kip = (k-1’F2k+p (p = 1, 2,...) such that the 
corresponding PoincarbLyapunov constant of order k is 
(k-1) 
VA = v, + c, A,-, + *** + &,-,A,) v, + *.. +A, 6, vk-,. 
Hence, we have proved that Vi = Vk (mod I), where I is the ideal generated 
by v, ,..., v&, . 
COROLLARY. For the system (1) the first nonzero PoincarbLyapunov 
constant and its order are invariants. 
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